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Abstract
Let X be a normed linear space. We examine if every open, convex and unbounded subset
of X is equal to the union of a family of open straight half lines. The answer is affirmative
if and only if X is finite dimensional.
1 Introduction
The inequality of Kolmogorov ( [1] ) implies that if f is defined on a half-line, say (0,+∞),
and the derivatives f (a), f (b), a < b, are bounded, then each intermediate derivative f (l),
a < l < b is also bounded. This fact was used in [3] to prove that if a domain Ω ⊂ C is
the union of open half-lines then H∞
F
(Ω) = H∞
F˜
(Ω). Here F is a subset of {0, 1, 2, . . . }
and the space H∞
F
(Ω) is the set of holomorphic in Ω functions f such that every derivative
f (l), l ∈ F is bounded in Ω. And F˜ = {l ∈ {0, 1, 2, . . . } : ∃b ∈ F with minF ≤ l ≤ b}.
Furthermore, in [3] they were interested to unbounded convex domain in the plane C, for
which H∞
F
(Ω) = H∞
F˜
(Ω). Thus, they stated and proved the following
Theorem 1.1. Every open, convex, and unbounded subset of R2 contains an open straight
half-line, and in fact it is equal to a union of such half-lines. Furthermore, we can obtain
that these half-lines are parallel to each other.
The proof of Theorem 1.1 in [3] can easily transferred to any finite dimensional space Rn.
In the present paper we show that in any infinite dimensional normed vector space there
is an open convex and unbounded subset Ω which does not contain any straight half-line.
Therefore, Theorem 1.1 remains valid for a normed linear space X instead of R2, if and
only if, X is finite dimensional. In our proof, the fact that Ω contains a half-line and
the fact that Ω is a union of such half-lines are proven to be equivalent for every normed
space. We also treat first the separable case and then the general one. In the separable
case we use the existence of a biorthogonal system ( [2] ).
1
2 Basic properties
Proposition 2.1. Let X be a normed linear space and let Ω be an open, convex and
unbounded subset of X . Then the set Ω is a union of open half-lines if and only if Ω
contains a half-line. We can also choose the half-lines to be parallel to each other.
Proof. (=⇒) Trivial.
(⇐=) Let Ω be an open, convex, unbounded subset of X , which contains a half-line.
Without loss of generality we suppose, that 0 ∈ Ω and that the half-line starts from
zero. In other words, there is u0 ∈ X , with ‖u0‖ = 1 such that {tu0, t > 0} ⊆ Ω.
Assertion. If z ∈ Ω then {z + tu0, t > 0} ⊆ Ω.
If the assertion is true, we have
⋃
z∈Ω
{z + tu0, t > 0} ⊆ Ω. (2.1)
On the other hand, for an arbitrary z0 ∈ Ω there is δ > 0 such that B(z0, δ) ⊆ Ω
hence, z0 − (δ/2)u0 ∈ Ω and obviously z0 ∈ {(z0 − (δ/2)u0) + tu0, t > 0}, thus
z0 ∈
⋃
z∈Ω
{z + tu0, t > 0}.
Since z0 was an arbitrary element of Ω, we have
Ω ⊆
⋃
z∈Ω
{z + tu0, t > 0}. (2.2)
Now the relations (2.1) and (2.2) provide the result.
Proof of the assertion. Let z0 ∈ Ω and assume that there exists t0 > 0 such that
a0 = z0 + t0u0 < Ω. Since the set Ω is open, there is δ > 0 such that B(z, δ) ⊆ Ω.
First we will show that there exist t > 0 and λ = λ(t) < 0 such that
ξt,λ = (1 − λ)a0 + λ(tu0) ∈ B(z0, δ); that is ‖(1 − λ)a0 + λ(tu0) − z0‖ < δ. (2.3)
We know that
tu0 − a0
‖tu0 − a0‖
−→
u0
‖u0‖
= u0, as t −→ +∞,
and thus, there exists t1 > 0 such that
 tu0 − a0‖tu0 − a0‖ − u0
 < δ
2t0
for all t ≥ t1.
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Now we rewrite the point ξt,λ, as:
ξt,λ = (1 − λ)a0 + λ(tu0) = a0 + λ (tu0 − a0)
For t = t1 > 0 and λ = −t0 (‖t1u0 − a0‖)
−1
< 0 we have
ξt,λ − z0 =
a0 + (−t0) t1u0 − a0‖t1u0 − a0‖ − z0
 =
t0u0 + (−t0) t1u0 − a0‖t1u0 − a0‖
 =
= t0
 t1u0 − a0‖t1u0 − a0‖ − u0
 < t0 δ
2t0
=
δ
2
< δ
Therefore, we found t > 0 and λ < 0 such that ξt,λ ∈ B(z0, δ) ⊆ Ω. We can now
write the a0 as convex combination of elements of Ω.
ξt,λ = (1 − λ)a0 + λ(tu0) therefore, a0 =
1
1 − λ
ξt,λ +
−λ
1 − λ
(tu0)
and λ < 0 hence,
0 <
1
1 − λ
,
−λ
1 − λ
< 1.
Since the Ω is a convex set, we conclude that a0 ∈ Ω, which is a contradiction.

Observation 2.2. Let Ω be a set as previously mentioned and A ∈ Ω, if
L(A,Ω) = {u ∈ X , ‖u‖ = 1 and {A + tu, t > 0} ⊆ Ω}.
Then the set L(A,Ω) is independent of A.
Proof. It is evident from the proof of the Proposition 2.1. 
Theorem 2.3. Let Ω be an open, convex and unbounded subset of a normed space. Then
the following are equivalent.
(i) There is a sequence wn in Ω such that ‖wn‖ −→ +∞, and the sequence wn/‖wn‖ has
a limit point.
(ii) The set Ω contains a half-line.
(iii) The set Ω is a union of parallel half-lines.
(iv) The set Ω is a union of half-lines.
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Proof. The implication (ii) ⇒ (iii) has already been proven and the implications (iii) ⇒
(iv) ⇒ (i) are obvious; thus, it remains to show that (i) ⇒ (ii). Without loss of generality
we assume that 0 ∈ Ω. Due to the fact that wn/‖wn‖ has a limit point there exists a
subsequence kn such that un = wkn/‖wkn ‖ −→ u0. We fix now an arbitrary positive
number t, and let bn = 2tun. Since ‖wn‖ −→ +∞, there exists n1 ∈ N such that 2t <
‖wkn ‖. This implies that 2t‖wkn ‖
−1 < 1 and bn ∈ Ω, for all n ≥ n1. Also we know that
2tu0 − bn −→ 0 ∈ Ω, as n −→ +∞ and the set Ω is open; thus there is n2 ∈ N such that
2tu0−bn ∈ Ω, for all n ≥ n2. We choosen ≥ max{n1, n2} andwe have bn, (2tu0−bn) ∈ Ω.
However, the set Ω is convex; hence the point tu0 = bn/2 + (2tu0 − bn)/2 is in Ω. Since t
was an arbitrary positive number, it follows that {tu0, t > 0} ⊆ Ω, i.e. the set Ω contains
a half-line. 
Theorem 2.4. Let X be a finite dimensional normed space. Then every open, convex
unbounded subset of X , is a union of parallel half-lines.
Proof. Let wn be a sequence in Ω, such that ‖wn‖ −→ +∞. The sequence wn/‖wn‖
belongs to S(0, 1) = {v ∈ X : ‖v‖ = 1}. Since the X is finite dimensional space the sphere
S(0, 1) is compact, and hence the sequence wn/‖wn‖ has a limit point. Now the Theorem
2.3 yields the result. 
3 The separable case
We need the following well known fact.
Proposition 3.1. [2] Every separable Banach space has a sequence (xn)n∈N in X and a
sequence
(
x∗n
)
n∈N
in X∗, such that
(i) x∗
i
(xj ) = δi j .
(ii) If x ∈ X and x∗n(x) = 0, for all n, then x = 0.
Proposition 3.2. Let X be a separable Banach space and (xn)n∈N, (x∗n)n∈N be sequences
as in Proposition 3.1. Let Ω = {x ∈ X : |x∗n(x)| < Rn}. Then there exists a choice of the
sequence Rn, n = 1, 2, . . . such that, the set Ω is open, convex, unbounded and does not
contain any half-line.
Proof. We can choose any sequence ǫn such that ǫn −→ +∞ (for example ǫn = n) and
then we define Rn = ǫn ‖x∗n‖.
(i) Let x0 ∈ Ω; since ǫn −→ +∞, there is n0 ∈ N such that ǫn − ‖x0‖ > 1 for all n > n0.
Now we fix a δ, such that
0 < δ < min{1,
Rn − |x
∗
n(x0)|
‖x∗n‖
, n = 1, . . . , n0}
Let u ∈ X, with ‖u‖ < δ. For all N ∈ {1, . . . , n0} we have
4
δ < min{
Rn − |x
∗
n(x0)|
‖x∗n‖
, n = 1, . . . , n0} ≤
RN − |x
∗
N
(x0)|
‖x∗
N
‖
.
This implies
δ‖x∗N ‖ < RN − |x
∗
N (x0)| and |x
∗
N (x0)| + δ‖x
∗
N ‖ < RN . (3.1)
Hence for all n = 1, . . . , n0, it holds
|x∗n(x0 + u)| ≤ |x
∗
n(x0)| + |x
∗
n(u)| ≤ |x
∗
n(x0)| + ‖x
∗
n‖‖x0‖ < |x
∗
n(x0)| + δ‖x
∗
n‖
and from the (3.1) we finally have |x∗n(x0 + u)| < Rn, for all n = 1, . . . , n0.
Now let n > n0 and u ∈ X with ‖u‖ < δ. Since δ < 1 < ǫn − ‖x0‖ it follows
|x∗n(u)| ≤ δ‖x
∗
n ‖ < ‖x
∗
n‖ (ǫn − ‖x0‖) ≤ Rn − |x
∗
n(x0)|,
and |x∗n(x0)| + |x
∗
n(u)| < Rn (3.2)
Therefore, |x∗n(x0 + u)| ≤ |x
∗
n(x0)| + |x
∗
n(u)| < Rn, for all n > n0. We have shown
that for all u ∈ X , with ‖u‖ < δ, x0 + u ∈ Ω; that is, B(x0, δ) ⊆ Ω. Since the
element x0 was arbitrary, the set Ω is open.
(ii) Clearly the set Ω is convex.
(iii) We define the sequence
an =
Rn
2|x∗n(xn)|
xn.
It is obvious that, an ∈ Ω, for all n, because
|x∗m(an)| =
{
Rn/2 , if n = m
0 , if n , m.
On the other hand
‖an‖ =
Rn
2|x∗n(xn)|
‖xn‖ ≥
ǫn ‖x
∗
n‖
2‖x∗n‖‖xn‖
‖xn‖ =
ǫn
2
−→ +∞,
as n −→ +∞. Hence the Ω is unbounded.
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(iv) Obviously the set Ω contains zero. Since Ω is open, convex and unbounded, from
the Observation 2.2 it suffices to prove that there is no half-line which starts from
0 and is contained in Ω. Assume that there is u0 ∈ X with u0 , 0 such that
{tu0, t > 0} ⊆ Ω.
Fix N ∈ N; now |x∗
N
(u0)| = |x
∗
N
(tu0)|t
−1 < RN t
−1 −→ 0; as t −→ +∞; thus
x∗n(u0) = 0, for all n ∈ N. According to Proposition 3.1 it follows that u0 = 0,
which is a contradiction. Hence there is no half-line in Ω.

Proposition 3.3. Let X be a Banach space, containing a subsetΩ which is open, convex,
unbounded and does not contain any half-line. Let Y be a dense linear subspace of X .
Then the set ΩY = Ω ∩ Y is also open in Y , convex, unbounded and does not contain any
half-line.
Proof. (i) Clearly the set ΩY is open and convex.
(ii) The set ΩY is unbounded. Indeed let M > 0, since Ω is unbounded there is a in Ω
with ‖a‖ > M + 1. However, the set Ω is open; thus, there exists 0 < δ < 1/2
such that B(a, δ) ⊆ Ω. Since Y is dense subspace of X , it follows Y ∩ B(a, δ) , ;
hence, there is b ∈ Y ∩B(a, δ) ⊆ ΩY . From the triangle inequality it is obvious that
‖b‖ > M .
(iii) The set ΩY does not contain any half-line, because, if there is a half-line which is
contained in ΩY then the same half-line is contained also in Ω, a contradiction.

Theorem 3.4. Every separable normed space contains an open, convex, unbounded set
which does not contain any half-line.
Proof. The completion of every separable normed linear space is a separable Banach
space. Now the result follows from Proposition 3.3. 
4 The general case
Proposition 4.1. Every infinite dimensional Banach space X contains an open, convex,
unbounded set which does not contains any half-line.
Proof. LetY be a separableBanach subspaceof X . We already know from Proposition 3.2
that there is a subsetΩY ofY , which is open inY , convex, unbounded and does not contain
any half-line. We define the set Ω = ΩY + B(0, 1) = {w + b |w ∈ ΩY and b ∈ B(0, 1)}
and we will prove that the set Ω is open in X , convex, unbounded and does not contain
any half-line.
(i) Since
Ω =
⋃
w∈ΩY
B(w, 1) the set Ω is open.
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(ii) Let x1 = w1 + b1, x2 = w2 + b2 ∈ Ω, where w1,w2 ∈ ΩY, b1, b2 ∈ B(0, 1) and
0 ≤ λ, µ ≤ 1 with λ + µ = 1. Since B(0, 1) and ΩY are both convex, it follows that
λx1 + µx2 = (λw1 + µw2) + (λb1 + µb2) ∈ Ω.
Thus, Ω is convex.
(iii) The set ΩY is unbounded and Ω contains it. Therefore, Ω is also unbounded.
(iv) We recall that 0 ∈ ΩY ⊆ Ω. Since the Ω is open, convex and unbounded, from
the Observation 2.2 it suffices to prove that Ω does not contain any half-line which
starts from the zero. Assume that there is u0 ∈ X with ‖u0‖ = 1, such that
{tu0 | t > 0} ⊆ Ω. Since tu0 ∈ Ω, for all t > 0 we have that
tu0 = wt + bt,
where wt ∈ ΩY and bt ∈ B(0, 1).
For t = n we can observe the following
• (i) wn ∈ ΩY, for all n
• (ii) ‖wn‖ = ‖nu0 − bn ‖ ≥ n‖v0‖ − 1 −→ +∞, as n −→ +∞
hence ‖wn‖ −→ +∞, as n −→ +∞
• (iii) Finally
wn
‖wn‖
=
nu0 − bn
‖wn‖
=
nu0
‖nu0 − bn‖
+
bn
‖wn‖
.
Now it is obvious that
nu0
‖nu0 − bn ‖
=
u0
‖u0 − bn/n‖
−→
u0
‖u0‖
= u0
and
bn
‖wn‖
−→ 0, as n −→ +∞.
Hence wn/‖wn‖ −→ u0, as n −→ +∞ and since Y is a Banach space, it
follows that u0 ∈ Y . In particular the sequence wn/‖wn‖ has a limit point in
Y .
By the proven facts (i), (ii), (iii) and according to Theorem 2.3 we deduce that the
open in Y set ΩY contains a half-line, which is a contradiction.

Theorem 4.2. Every infinite dimensional normed linear space contains an open, convex,
unbounded set which does not contain any half-line.
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Proof. The proof follows by a combination of Propositions 4.1 and 3.3. 
We have proved the following theorem.
Theorem 4.3. A normed linear space is finite dimensional if and only if every open,
convex unbounded subset of X is a union of parallel half-lines.
Proof. The proof follows by a combination of Theorems 2.4 and 4.2. 
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